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E-mail address: e.hamed@unsw.edu.au (E. HamedThe time-dependent ﬂexural cracking behaviour of reinforced concrete beams strengthened with exter-
nally bonded composite materials is investigated with a focus on the creep effects. A theoretical model is
developed, which accounts for the creep of the different materials involved, and which also accounts for
the time-dependent cracking and the tension-stiffening phenomenon. The deformability of the adhesive
layer in shear and through its thickness, as well as its ability to transfer shear and vertical normal stres-
ses, is considered in the model. The incremental governing equations are formulated via the variational
principle of virtual work based on an incremental exponential algorithm for the creep modelling. The
capabilities of the model are demonstrated through numerical examples including a comparison with
test results available in the literature. The results show that creep causes a signiﬁcant redistribution of
the internal forces and the interfacial stresses at the adhesive interfaces with time, which should be care-
fully considered in the design of FRP strengthened members.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The use of externally bonded composite materials in the form of
ﬁbre reinforced polymers (FRP) for the strengthening of concrete
and masonry structures has been investigated widely in recent
years with many applications being reported worldwide (Buyukoz-
turk and Hearing, 1998; Bakis et al., 2002; Rizkalla et al., 2003;
Hamed and Rabinovitch, 2008). Nevertheless, the long-term creep
behaviour of strengthened members is still unclear, and further re-
search is essential in this ﬁeld in order to enhance the safety and
design of FRP strengthened members. In some cases, strengthening
or upgrading of structures to resist additional sustained loads is
required, and in most practical cases the strengthening system is
applied to a concrete structure that creeps continuously with time.
The creep of the concrete member as well as the potential creep of
the strengthening system may affect the efﬁciency and the capac-
ity of the strengthening system over time. This paper therefore
focuses on the modelling of creep and particularly the cracking
and post-cracking behaviour over time of FRP strengthened rein-
forced concrete (RC) beams.
The creep response of strengthened RC beams exhibits a num-
ber of physical phenomena that do not exist under instantaneous
loading. Such phenomena which mainly stem from the differences
between the creep characteristics of the different materials
involved (concrete, steel reinforcement, adhesive, FRP) include:ll rights reserved.
+61 2 93859747.
).the time-dependent variation of the adhesive interfacial stresses,
which may initiate premature debonding failures when creep of
the concrete governs (Hamed and Bradford, 2010a), or may modify
the magnitudes of the stresses transferred to the FRP strip; the
propagation of ﬂexural cracks in the concrete with time; the vari-
ation of the stress transfer mechanism between the RC member
and the FRP due to time-dependent cracking and creep; and the
time-dependent tension-stiffening phenomenon of the RC beam
(i.e. the ability of the concrete between the cracks to carry tensile
stresses) and its interaction with the bonded FRP strip. Under-
standing and clarifying theses aspects, which highlight various
analytical and computational challenges, are required for a better
design of FRP strengthened members.
Hamed and Bradford (2010a) studied the time variation of the
interfacial edge stresses in FRP strengthened RC beams under sus-
tained loading. This was addressed through the development of a
theoretical model that considers the strengthened member as a
layered structure that consists of the RC beam, the adhesive layer,
and the FRP strip. However, although a quantitative description of
the edge stresses was provided including the effect of viscoelastic
adhesives, only a simpliﬁed cracking model with a ﬁxed pre-
cracked region was presented. Thus, the model did not address
the initiation of cracking, its variation with time, and the nonlinear
time-dependent tension-stiffening effect. Plevris and Triantaﬁllou
(1994) presented theoretical and experimental studies of the
time-dependent behaviour of strengthened beams. The study re-
vealed the favourable effect of the bonded FRPs on the long-term
deﬂection, but the local edge effects and the creep of the adhesive
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ening was not considered, which can have a considerable inﬂuence
on the structural behaviour in some cases (Prakhya and Morley,
1990; Nitereka and Neale, 1999; Gilbert and Warner, 1978).
Tan and Saha (2006) used the effective modulus method for
predicting the long-term deﬂections of strengthened RC beams.
However, the effect of the adhesive viscoelasticity was ignored,
and the proposed simpliﬁed design-based model has not explained
many aspects of the structural behaviour. In general, the time-
dependent effective moduli approach is more applicable for sim-
ple, homogeneous, and statically determinate structures for which
creep deformations do not affect the stress distribution. However,
creep of one of the components of the layered strengthened beam
may modify the interfacial stresses and the entire stress distribu-
tion as in any other RC member. Hence, unlike in RC ﬂexural mem-
bers, the accuracy of the effective moduli approach should be
questioned when it is applied for FRP strengthened members, as
deviations in predicting the interfacial adhesive stresses can be
critical. Nevertheless, for the case of linear material behaviour
(no cracking), it was shown by Hamed and Bradford (2010b) that
the effective moduli approach can predict the time variation of
the forces and edge stresses with good accuracy (about 10% devia-
tion) compared to an incremental time-stepping approach. But
when cracks initiate or grow, the stress and strain rates can vary
considerably with time, and the constuitutive model of the mate-
rial becomes nonlinear, which requires an incremental analysis
with relatively small time steps to be conducted (Van Zijl et al.,
2001). In Tan and Saha (2008), empirical equations for predicting
the crack width and its variation with time were proposed based
on test results, but without a full description of the structrual
behaviour. It should also be noted that the models developed by
Plevris and Triantaﬁllou (1994), Tan and Saha (2006), as well as
the simpliﬁed models by Masia et al. (2004) and Al Chami et al.
(2009), are based on a section analysis only, while the distribution
of forces and stresses through the length of the member, their var-
iation between the cracked and uncracked regions, and the local ef-
fects of interfacial stress concentrations were not described.
An incremental formulation that is based on modelling the con-
crete material by a generalized Maxwell chain (Bazˇant and Wu,
1974) was developed by Muller et al. (2007). The formulation is
based on a step-by-step analysis and can account for the variation
of the internal stresses with time. However, the simpliﬁed struc-
tural modelling adopted by Muller et al. (2007), which treats the
strengthened beam as a section with equivalent rigidities, only
approximately accounts for the changes in the interfacial stresses
with time. In addition, creep of the FRP and the adhesive were
not considered. Benyoucef et al. (2007) studied the effect of creep
on the adhesive stresses in strengthened beams considering the
creep in the concrete only by the approximate age-adjusted effec-
tive modulus method. However, the model assumes that the stres-
ses in the adhesive layer do not change through its thickness,
which does not fulﬁll the material point level (continuum) equilib-
rium in the adhesive (Rabinovich and Frostig, 2000; Hamed and
Rabinovitch, 2005). Furthermore, the model does not account for
cracking of the concrete. A ﬁnite element analysis was presented
by Choi et al. (2010) to investigate the inﬂuence of the creep of
the adhesive on the structural response. The somewhat small
effect of the adhesive viscoelasticity on the deﬂections of the beam
was demonstrated, but its effect on the edge stresses was not
addressed.
In this paper, a comprehensive theoretical model for describing
the long-term behaviour of RC beams strengthened with externally
bonded composite materials is developed. The model considers the
strengthened beam as a layered structure including a detailed
high-order modelling of the critical adhesive layer following Rabi-
novich and Frostig (2000), and accounts for the creep of each of thestructural components. Thus, it aims to provide a better under-
standing of the creep response of FRP strengthened RC beams.
The high-order structural modelling approach of Rabinovich and
Frostig (2000) is preferred and adopted in this paper because of
its ability to describe the critical vertical and shear interfacial stres-
ses at the edges considering the deformability of the adhesive layer
in both directions, which provides a tool to explain the inﬂuence of
creep on the localized effects and provides a basis for developing
edge debonding failure criteria. The model adopts the theoretical
concepts and approaches developed in Hamed and Bradford
(2010a), but further enhances them to account for the cracking
and post-cracking behaviour of the RC beam, the time-dependent
tension-stiffening phenomenon, and the stress redistribution with
time between the structural components. Differential-type consti-
tutive relations are used for modeling the creep in each component
based on an exponential algorithm (Bazˇant and Wu, 1974) that in-
volves an incremental time-stepping analysis. Although the creep
response of FRP strengthened beams is characterized by many
nonlinear effects of material behaviour, interfacial debonding, tem-
perature and humidity dependence, and others; one must know
and understand the effect of creep on the stress transfer mecha-
nism in cracked members, stresses redistributions, and the stress
concentrations at the adhesive interfaces before turning to the
more complicated studying of the inﬂuence of creep on the modes
of failure. This paper therefore focuses on the behaviour of the
structure in a framework of linear viscoelasticity in compression
(yet with cracking and tension-stiffening in tension) and assuming
perfect bonding between the structural components. The various
assumptions made in the creep and cracking modeling are in-
cluded in the mathematical formulation.
2. Mathematical formulation
The mathematical formulation presented hereafter is applicable
for strengthened RC beams and one-way slabs, and it provides the
basis for modelling further related structural members. The struc-
tural modelling is discussed ﬁrst, followed by the general
incremental equilibrium equations, which are valid for any time-
stepping scheme regardless of the constitutive relations (cracked
or uncracked). The constitutive relations are then presented with
focus on the modelling of cracking and the tension-stiffening ef-
fect. Finally, the incremental governing equations are formulated
and are followed by a description of the solution procedure.
2.1. Structural modelling
The strengthened beam is modelled as a layered structure with
continuity conditions of the deformations along the interfaces;
thereby, assuming perfect bonding between the structural compo-
nents. Although local debonding regionsmay develop at the vicinity
of discrete ﬂexural cracks, this effect is more prominent at higher
levels of damage and it is not considered here. Thus, for the aim of
describing the ﬂexural structural behaviour, a smeared cracking
model of the RC beam is adopted, and the effects of debonding, as
well as diagonal shear cracking, are not considered. It was shown
in many research studies (Rots and Blaauwendraad, 1989; Fanning
and Kelly, 2000) that the smeared cracking concept, which assumes
that stresses and strains can be averaged over a representative
length to span several cracks and micro-cracks, is an effective ap-
proach for predicting the cracking and post-cracking response of
RC ﬂexural members. Additionally, tension-stiffening is modelled
bymodiﬁcation of the stress–strain curve under tension rather than
by local bond–slip mechanism approaches (see Section 2.2).
Lamination theory with ﬁrst order shear deformation is used for
the modelling of the FRP laminate, while the RC ﬂexural beam is
modelled as a ﬁrst order shear deformable Timoshenko’s beam.
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with shear and vertical normal rigidities, while its in-plane longi-
tudinal rigidity is neglected with respect to that of the RC beam
and the FRP (Rabinovich and Frostig, 2000; Hamed and Rabinov-
itch, 2005). It is assumed that the stress and deformation ﬁelds
are uniform through the width of each component. The sign con-
ventions for the coordinates, deformations, loads, stresses and
stress resultants of a strengthened beam appear in Fig. 1. As shown,
the superscripts rc, frp and a refer to the RC beam, FRP strip, and
the adhesive layer, respectively. The formulation focuses on the
strengthened region whereas the modelling for the unstrength-
ened region can be obtained by degenerating the model.
In order to account for the gradual variation of stresses and the
cracking pattern with time, an incremental time-stepping analysis
is required. For this, the incremental kinematic relations of the RC
beam and the FRP strip at time tr, which are assumed to follow the
assumptions of small displacements, take the following form:
Deixxðx; ziÞ ¼ Du0i;xðxÞ  ziD/i;xðxÞ ð1Þ
Dcixzðx; ziÞ ¼ Dwi;xðxÞ  D/iðxÞ ð2Þ
where eixx and cixz ði ¼ rc; frpÞ are the normal and engineering shear
strains, wi, uoi and /i are the vertical displacement, in-plane
displacement, and rotation of the cross section respectively, D is
the incremental time operator, i.e., Dg = g(tr)  g(tr1) with
(r = 1,2,3,. . .) and g as any function, and (),x denotes the derivative
with respect to x. The kinematic relations for the adhesive which
are based on two dimensional linear elasticity are:
Deazzðx; zaÞ ¼ Dwa;zðx; zaÞ ð3Þ
Dcaxzðx; zaÞ ¼ Dua;zðx; zaÞ þ Dwa;xðx; zaÞ ð4Þ
where eazz and caxz are the vertical normal and engineering shear
strains in the adhesive layer respectively, wa and ua are the vertical
and in-plane displacements of the adhesive layer respectively, and
(),z denotes the derivative with respect to z.
The incremental equilibrium equations of the strengthened
beam are formulated using the variational principle of virtual work
and the continuity requirements at the interfaces following Hamed
and Bradford (2010a). They take the following form (note that all
stresses, forces, and deformations are functions of the independent
coordinate x and the time tr, which for brevity are omitted here):Fig. 1. Geometry, loads, sign conventions, and stress resultants: (a) Geometry, coordina
stress resultants in structural components.DNrcxx;x þ bDsaxzðza ¼ 0Þ ¼ Dnx ð5Þ
DNfrpxx;x  bDsaxzðza ¼ daÞ ¼ 0 ð6Þ
DVrcxx;x þ bDrazzðza ¼ 0Þ ¼ Dqz ð7Þ
DVfrpxx;x  bDrazzðza ¼ daÞ ¼ 0 ð8Þ
DMrcxx;x  DVcxx þ bYrcDsaxzðza ¼ 0Þ ¼ Dmx ð9Þ
DMfrpxx;x  DVfrpxx þ bDsaxzðza ¼ daÞ
dfrp
2
¼ 0 ð10Þ
Dsaxz;x þ Drazz;z ¼ 0 ð11Þ
Dsaxz;z ¼ 0 ð12Þ
where Nixx;V
i
xx;M
i
xx ði ¼ rc; frpÞ are the axial force, shear force, and
bending moment respectively, saxz and razz are the shear and vertical
normal stresses in the adhesive, qz, nx, and mx are external distrib-
uted loads and bending moments respectively (see Fig. 1), Yrc is
the centroid of the elastic (uncracked) RC section, and b is the width
of the FRP strip. Note that Eqs. (5)–(12) hold for the cracked and the
uncracked regions along the beam, while the distinction between
the two regions is achieved through the constitutive relations.
2.2. Constitutive relations
The constitutive relations are assumed to be independent of
temperature and other environmental effects in order to clarify
and highlight the creep and cracking effects.
2.2.1. RC beam
The RC beam includes two different materials, namely visco-
elastic concrete and linear elastic steel. The viscoelastic constitu-
tive relations of the concrete in tension account for cracking and
tension-stiffening, with linear viscoelastic behaviour in compres-
sion. The main reason for adopting a linear viscoelastic model in
compression is because in most cases, the level of applied sus-
tained loads on RC structures is relatively too low to produce any
material nonlinearity in compression. Normally, the compressive
stresses at the serviceability limit state are below 40% the com-
pressive strength, where linear viscoelasticity in compression
holds. For higher levels of compressive stresses, nonlinear visco-
elastic models that account for damage and material softening
need to be used. For the same reason, yielding of the steel rein-
forcement is not considered here. The tension-stiffening phenom-
enon in the RC beam is accounted for through the constitutive
relations of the concrete material. As the model focuses on thete systems, and loads; (b) stresses and strains in cracked section; (c) stresses and
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ing pattern can be much inﬂuenced by the already existing cracks,
a constitutive model that is based on tension-stiffening of
unstrengthened RC members is approximately adopted here.
The instantaneous (at the time of initial loading t0) short-term
constitutive relations of the concrete, from which the long-term
constitutive relations will be derived, are presented ﬁrst. These
are presented at the material point level ﬁrst, while the stress
resultants are calculated by integration of these laws through the
depth of the RC section. The model presented in Kaklauskas and
Ghaboussi (2001) and Torres et al. (2004) is used for the modelling
of the tension-stiffening effect, which is shown in Fig. 2. Mathe-
matically, this constitutive relation is given by:
rcxx e
0
xx
  ¼
Ece0xx for e0xx 6 e0cr
a2e0cr  e0xx
ða2  1Þe0cr
a1ft for e0cr < e0xx 6 a2e0cr
0 otherwise
8>><>>: ð13Þ
where rcxx is the normal stress in the concrete, e0xx denotes the elastic
plus cracking strain of the concrete, Ec is the initial modulus of elas-
ticity of the concrete, e0cr ¼ ft=Ec is the cracking strain of the concrete
under instantaneous loading (ft is the concrete tensile strength), and
a1 and a2 are parameters that characterize the tension-stiffening
phenomenon. Many research studies (Prakhya and Morley, 1990;
Torres et al., 2004) have indicated that tension-stiffening depends
on many factors including the reinforcement ratio, diameter of
the bars, bond stress, concrete strength, and the distribution of
the reinforcement. Other studies (Sato and Vecchio, 2003; Ceroni
et al., 2004; Savoia et al., 2005) have shown that external bonding
of FRP plates leads to smaller crack spacing, and consequently dif-
ferent tension stiffening behaviour than in unstrengthened RC
members. However, due to the lack of simpliﬁed constitutive mod-
els that also account for the common existence of cracks before the
application of the FRP, the same constitutive model developed for
RC members is used here. For this, the parameters a1 and a2 were
optimized by Torres et al. (2004) to give a best ﬁt to the recommen-
dations of the European design codes for RC members yielding an
optimized value of 0.4 for a1 and to a closed formula for a2 that de-
pends on a number of factors.
Following the tension-stiffening effect, where the normal stres-
ses are not suddenly dropped to zero after cracking, the shear
stresses in the concrete at the cracked surfaces are also not set to
zero owing to the aggregate interlock and dowel action at the
cracked zone. Many efforts have been devoted to study this effectεxx
0
00
σxx
c
εcr εcr2
f1 t
ft
Fig. 2. Constitutive relation of concrete with tension-stiffening.(Rots and de Borst, 1987; Scotta et al., 2001; Chung and Sotelino,
2005). Here, the simpliﬁed approach of using a shear retention fac-
tor b is adopted. Thus, the constitutive relation of the concrete in
shear takes the following form:
scxzðe0xxÞ ¼
Gcccxz for e0xx 6 e0cr
bGcccxz for e0cr < e0xx
(
ð14Þ
where scxz and Gc are the shear stress and shear modulus of the con-
crete respectively. Based on their experimental study, Scotta et al.
(2001) showed that a variable retention factor with the evolution
of damage provides better predictions of the failure load than a
ﬁxed retention factor. However, with the absence of a general ana-
lytical approach for evaluating b, a ﬁxed value of 0.2 is adopted here
(Rots and de Borst, 1987; Chung and Sotelino, 2005).
For the long-term viscoelastic analysis, a rheological model that
is based on the generalized Maxwell chain is used for the concrete
modelling in compression, which was presented by Bazˇant and Wu
(1974) (also see Papa et al. (1998), Mazzotti and Savoia (2003) and
Di Luzio (2009)). The modelling of the concrete in tension follows
the same approach but with strain-dependent Maxwell constants
that simulate the effects of cracking and tension-stiffening at the
material level. Thus, with the evolution of damage, the spring
and dashpot constants for each point through the depth of the sec-
tion are updated assuming unchanged relaxation times.
In general, the viscoelastic characteristics of concrete under
both tension and compression depend on the stress level and on
the total strain. While the behaviour in compression is assumed
to be strain-independent owing to the linearity of the stresses un-
der typical sustained loads, the behavior in tension is nonlinear
and brittle due to cracking, which requires special attention. Stud-
ies reveal that creep in tension may produce high levels of cracking
and material softening over time (so-called creep rupture)
although the levels of stresses or instantaneous strains are smaller
than the peak tensile capacity (Carpinteri et al., 1997; Di Luzio,
2009). In addition, many studies and design codes including Gilbert
and Wu (2009) and CEB-FIP (1990) indicate that tension-stiffening
can decrease to about 50% with time due to progressive cracking
and bond slip. To approximately simulate these weakening effects
with time, it is assumed here that the relaxation functions and the
Maxwell constants under tensile stresses depend on the total
strain only (i.e., elastic + cracking + creep), although this approach
may predict earlier cracking at some material points. Furthermore,
because strengthening is usually required for relatively old struc-
tures, the effects of aging and shrinkage of the concrete are as-
sumed to be very small, and they are not included here.
The relaxation functions of the concrete Rcxx and R
c
xz
 
are given
by:
Rcxxðexx; tÞ  Rcxxðexx; tÞ ¼
Pmcn
l¼1
EclðexxÞet=T
cn
l þ Ec1ðexxÞ ð15Þ
Rcxzðexx; tÞ  Rcxzðexx; tÞ ¼
Pmcs
l¼1
GclðexxÞet=T
cs
l þ Gc1ðexxÞ ð16Þ
where Rcxx and R
c
xz are the approximated relaxation functions, E
c
l and
Gcl are the moduli of the springs in the Maxwell chain for the mod-
elling of the material under normal and shear stresses respectively,
mcn andmcs are the number of units for each traction, T
cn
l and T
cs
l are
the relaxation times of the lth unit, and Ec1 and G
c
1 are the moduli
of the mcn + 1 and mcs + 1 springs respectively that are not coupled
to any dashpot. Note that the relaxation functions and the spring
moduli are strain dependent due to the tension-stiffening effect.
The relaxation times are chosen in advance considering the time
of interest (t  t0) (Hamed and Bradford, 2010a). Once chosen, the
moduli of the springs become the only unknowns in the generalized
Maxwell chain, which can be determined by a least squares or other
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relaxation functions.
The expressions for the relaxation functions are generated
based on the compliance functions of the concrete Jcxx; J
c
xz
 
,
since data regarding the relaxation functions is very limited
owing to the fact that relaxation tests are more difﬁcult to con-
duct than creep tests. In general, this is achieved through the solu-
tion of the following equations in the normal direction for
example:
Z t
0
JcxxðtnÞRcxxðnÞdn¼ t for t>0; Jcxxð0ÞRcxxð0Þ¼1 for t¼0 ð17Þ
Some studies revealed that there is a high level of uncertainty
regarding the real tensile creep response of concrete due to its sen-
sitivity to many parameters (Neville and Dilger, 1970; Bissonnette
et al., 2007). Because of this, it is assumed here that the creep
behaviour in tension is similar to that in compression in terms of
the time variation and the magnitude of the creep coefﬁcient (Gil-
bert, 1988). Without any loss of generality, the relaxation function
in the normal direction adopted here Rcxx
 
is based on the recom-
mendations of ACI (1992) and Bazˇant and Kim (1979), while other
creep laws can also be considered (Hamed and Bradford, 2009). Fol-
lowing this, and using a secant modulus approach to account for the
nonlinear constitutive relation in tension (Eq. (13)), the normal
relaxation function is given by:
Rcxxðexx; tÞ ¼
EscðexxÞ for t ¼ 0
1 d0
1þuðtÞ EscðexxÞ for t > 0
8<: ð18Þ
where d0  0.008 is a correction factor introduced by Bazˇant and
Kim (1979) owing to the fact that the relaxation function is always
slightly smaller than 1=Jcxx; Esc is the secant modulus of the concrete,
and u is the creep coefﬁcient that is evaluated empirically based on
the age of initial loading t0 as:
uðtÞ ¼ t
k
c þ tk
 
1:25tð0:118Þ0 uu ð19Þ
where k and c are parameters that control the creep coefﬁcient, uu
is the ultimate creep coefﬁcient, and the times t and t0 are measured
in days.
In view of Eq. (18), it is seen that the relaxation function can
be separated into two functions: one that is a function of strain
only, and one that is a function of time only. Therefore, the cal-
culation of the spring moduli by curve ﬁtting of Rcxx with R
c
xx is re-
quired only once, while the variation of the spring moduli with
the evolution of damage is obtained using the secant modulus
approach. Here, the spring moduli are calculated for Esc(exx) = Ec
in Eq. (18), yielding EclðexxÞ ¼ Ec0l and Ec1ðexxÞ ¼ Ec01 . Following
the constitutive relation that appears in Fig. 2 and Eq. (13), the
variation of the spring moduli with the increase of the total
strain is given by:
EclðexxÞ ¼
Ec0l for exx 6 ecr
a2ecr  exx
ða2  1Þexx a1E
c0
l for ecr < exx 6 a2ecr
0 otherwise
8>><>>: ð20Þ
where ecr is the cracking strain under sustained loading, which is
also taken as ft/Ec. The dependence of E
c
1ðexxÞ on the total strain is
similar to that of EclðexxÞ, which is given in Eq. (20) but with Ec01 in-
stead of Ec0l .
Due to the lack of data on the creep behaviour of concrete in
shear, it is assumed that Poisson’s ratio mc and the shear retention
factor b are constant with time (Bazˇant, 1988), and so the spring
moduli in shear are estimated as:GclðexxÞ ¼
Ec0l
2ð1þ mcÞ for exx 6 ecr
b
Ec0l
2ð1þ mcÞ for ecr < exx
8>>><>>>: ð21Þ
The relaxation times and number of units for the shear modelling
are assumed as those in the normal direction (i.e. Tcsl ¼ Tcnl ;
mcs ¼ mcn

.
The incremental constitutive relations in the normal direction
are based on a numerical time integration assuming a constant
strain rate at each time increment (Bazˇant and Wu, 1974), as
follows:
Decxx ¼
Drcxx
E00c
þ De00c ð22Þ
where E00c is the pseudo normal modulus, and De00c is the incremental
prescribed normal creep strain. These are given as follows:
E00c ¼
Pmcn
l¼1
1 eDtr=Tcnl
  Tcnl
Dtr
EclðexxÞ þ Ec1ðexxÞ ð23Þ
De00c ¼
1
E00c
Pmcn
l¼1
1 eDtr=Tcnl
 
rclðtr1Þ ð24Þ
The stress at each Maxwell unit rcl
 
is given by:
rclðtrÞ ¼ eDtr=T
cn
l rclðtr1Þ þ 1 eDtr=T
cn
l
  Tcnl
Dtr
EclðexxÞDecxx ð25Þ
Note that the dependence of the spring constants on the unknown
total strain (exx) introduces the nonlinearity of the problem, which
is treated by an iterative procedure that is described in the subse-
quent. For brevity, the incremental constitutive relation in shear
is not given here, but it follows the same procedure outlined above
with G00c as the pseudo shear modulus and c00c as the incremental pre-
scribed creep engineering shear strain.
The constitutive relations of the RC beam at the cross-section
level are determined using the classical deﬁnition of the stress
resultants and assuming that all layers in the RC section follow
the same constitutive relations presented earlier (Prakhya and
Morley, 1990). It was actually shown by Gilbert and Warner
(1978) that layers close to the reinforcement carry larger average
stresses than those more distant from the reinforcement, but this
effect is not considered here. Noting that Dercxx ¼ Decxx, the constitu-
tive relations read:
DNrcxx ¼
Z Yrc
Yrcdrc
brcE
00
c De
rc
xx  De00c
 
dzrc þ EsDesAs ð26Þ
DMrcxx ¼
Z Yrc
Yrcdrc
brcE
00
c De
rc
xx  De00c
 
zrcdzrc þ EsDesAszs ð27Þ
DVrcxx ¼ j
Z Yrc
Yrcdrc
brcG
00
c Dc
rc
xz  Dc00c
 
dzrc ð28Þ
where brc and drc are the width and depth of the RC beam respec-
tively, Es, Des and As are the modulus of elasticity, incremental
strain, and area of the internal steel reinforcement, respectively;
zs is the distance of the steel reinforcement from the centroid of
the uncracked beam (Fig. 1b), and j is the shear correction factor.
Note that E00c ;G
00
c ;De00c and Dc00c in Eqs. (26)–(28) depend on the strain
level at each material point based on Eqs. (23) and (24), and hence
they vary through the depth and length of the RC beam and
introduce the cracking and tension-stiffening effect at the section
level.
Substitution of the kinematic relations that appear in Eqs. (1)
and (2) into Eqs. (26)–(28) yields:
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DMrcxx
DVrcxx
264
375 ¼ A
rc
11 B
rc
11 0
Brc11 D
rc
11 0
0 0 jArc55
264
375 Du0rc;xD/rc;x
Dwrc;x  D/rc
264
375 DNrcDMrc
DVrc
264
375 ð29Þ
where Arc11;B
rc
11;D
rc
11 and A
rc
55 are the extensional, extensional-bending,
ﬂexural, and shear viscoelastic rigidities of the RC beam, and Nrc;Mrc
and Vrc are incremental effective forces due to creep. The viscoelas-
tic rigidities take the following form:
Arc11ðx; exxÞ ¼
Z Yrc
Yrcdrc
brcE
00
cdzrc þ EsAs ð30Þ
Brc11ðx; exxÞ ¼
Z Yrc
Yrcdrc
brcE
00
c zrcdzrc þ EsAszs ð31Þ
Drc11ðx; exxÞ ¼
Z Yrc
Yrcdrc
brcE
00
c z
2
rcdzrc þ EsAsz2s ð32Þ
Arc55ðx; exxÞ ¼
Z Yrc
Yrcdrc
brcG
00
cdzrc ð33Þ
The incremental effective forces due to creep are obtained by sub-
stitution of Eq. (24) into Eqs. (26)–(28) as follows:
DNrcðx; exxÞ ¼
Z Yrc
Yrcdrc
brc
Pmcn
l¼1
1 eDtr=Tcnl
 
rclðtr1Þdzrc ð34Þ
DMrcðx; exxÞ ¼
Z Yrc
Yrcdrc
brc
Pmcn
l¼1
1 eDtr=Tcnl
 
rclðtr1Þzcrdzrc ð35Þ
DVrcðx; exxÞ ¼ j
Z Yrc
Yrcdrc
brc
Pmcn
l¼1
1 eDtr=Tcnl
 
sclðtr1Þdzrc ð36Þ2.2.2. Adhesive layer
A linear viscoelastic response is assumed for the adhesive layer
under both vertical normal and shear stresses. In addition, aging
and shrinkage in the adhesive are not considered (Hamed and
Bradford, 2010a). Therefore, the constitutive relations of the adhe-
sive follow Eqs. (22)–(25) with the subscript/superscript a instead
of c and without the dependency upon exx. The compliance func-
tions of the adhesive follow a creep power law and take the follow-
ing form in the vertical normal direction:
Jazz ¼
1
Ea
þ Szzatn ð37Þ
where Ea is the modulus of elasticity of the adhesive material, and
Szza and n are determined to achieve best ﬁtting with experimental
results. The relaxation function is derived via the solution of Eq. (17)
with superscript a instead of c and subscript zz instead of xx. Also
here, the Poisson’s ratio is assumed constant with time, and the
spring constants in shear are derived from those in the normal
direction or vice versa.Dwrc;x ¼ Arc55D/rc þ DVrc þ DVrcxx
 
=Arc55
D/rc;x ¼ Brc11 DNrcxx þ DNrc
  Arc11 DMrcxx þ DMrc  	 Arc11Drc11  Brc11 2h i.
DMrcxx;x ¼ Dmx þ DVrcxx  bDsaxzYrc
DVrcxx;x ¼ Dqz  b
E00a
da
ðDwfrp  DwrcÞ  bDfaxz
da
2
þ b E
00
a
da
Z da
0
De00adz
DNrcxx;x ¼ Dnx  bDsaxz
Du0rc;x ¼ Drc11 DNrcxx þ DNrc
  Brc11 DMrcxx þ DMrc  	 Arc11Drc11  Brc11 2h i.
Dwfrp;x ¼ Afrp55D/frp þ DVfrp þ DVfrpxx
 
=Afrp55
D/frp;x ¼ Bfrp11 DNfrpxx þ DNfrp
 
 Afrp11 DMfrpxx þ DMfrp
 h i.
Afrp11D
frp
11  Bfrp11
 2
2.2.3. FRP strip
The constitutive relations of the FRP strip follow the lamination
theory and the incremental viscoelastic analysis used here. Thus,
they are given by Eq. (29) but with the subscript/superscript frp in-
stead of rc. However, the determination of the viscoelastic rigidi-
ties and incremental effective forces is slightly different than Eqs.
(30)–(36) because the FRP laminate may contain a number of lay-
ers (laminas) with different viscoelastic characteristics. For each
lamina, the compliance functions of the ﬁbres and the matrix are
assumed to follow different creep power laws (as in Eq. (37)),
and the relaxation functions are determined via the solution of
the corresponding form of Eq. (17). The transformed reduced relax-
ation stiffnesses of each lamina are then calculated using the role
of mixture, which are then expanded into Dirichlet series. By doing
this, the spring constants of the laminate become a stepwise
function of zfrp. Hence, the viscoelastic rigidities of the FRP
laminate take the following form:
Afrp11
Bfrp11
Dfrp11
2664
3775 ¼ PNl
k¼1
Rk11b
zk  zk1
z2k  z2k1
 
=2
z3k  z3k1
 
=3
264
375; Afrp55 ¼ PNl
k¼1
Rk55bðzk  zk1Þ
ð38Þ
where Rk11 and R
k
55 are the longitudinal and shear transformed re-
duced relaxation stiffnesses of the kth lamina within the compos-
ite laminate, Nl is the number of layers in the laminate, and zk and
zk1 are the distances to the bottom and top of the kth layer
respectively, measured from the middle surface of the laminate.
The incremental effective forces due to creep in this case follow
Eqs. (34)–(36) with the subscript/superscript frp instead of rc or
c, noting that Efrpl is a stepwise function through the thickness of
the laminate.
2.3. Incremental governing equations
The incremental governing equations are derived using the
incremental equilibrium equations (Section 2.1), the constitutive
relations of the different materials (Section 2.2), the continuity
requirements of the deformations at the adhesive interfaces, and
the stress and deformation ﬁelds of the adhesive layers, which
for brevity are not presented here but can be found in Hamed
and Bradford (2010a). The latter reveal that the shear stresses
are constant through the thickness of the adhesive, while the ver-
tical normal stresses are linear. For clarity, the incremental govern-
ing equations are presented as a set of 14 ﬁrst order differential
equations in terms of the unknown deformations and internal
forces and stresses. They take the following form:ð39Þ
ð40Þ
ð41Þ
ð42Þ
ð43Þ
ð44Þ
ð45Þ
ð46Þ
DMfrpxx;x ¼ DVfrpxx  bDsaxz
dfrp
2
ð47Þ
DVfrpxx;x ¼ b
E00a
da
ðDwrc  DwfrpÞ  bDfaxz;x
da
2
 b E
00
a
da
Z da
0
De00adz ð48Þ
DNfrpxx;x ¼ bDsaxz ð49Þ
Du0frp;x ¼ Dfrp11 DNfrpxx þ DNfrp
 
 Bfrp11 DMfrpxx þ DMfrp
 h i
Afrp11D
frp
11  Bfrp11
 2
 
ð50Þ
Dsaxz;x ¼ Dfaxz ð51Þ
Dfaxz;x ¼ 6
E00a
d2a
2Dsaxz
da
G00a
 daD/frp  da
DVfrp
Afrp55
 da DV
frp
xx
Afrp55
 daD/rc  da
DVrc
Arc55
 da V
rc
xx
Arc55
 
þda
Z da
0
De00a;x dzþ 2Dc00ada þ 2u0rc  2Yrc/rc  2
Z da
0
Z za
0
De00a;xdz
2  2u0frp  2dfrp2 /frp
!
ð52Þ
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ditions to be imposed at each end of the beam for their solution,
which are chosen (based on the supporting type) from the follow-
ing general conditions that result from the variational calculus:
1DNixx ¼ #DNk or Du0i ¼ Dbu0i ð53Þ
 1DMixx ¼ #DMk or D/i ¼ Db/i ð54Þ
1DVixx ¼ #DPk or Dw0 ¼ D bwi ð55Þ
1Dsaxz ¼ 0 or DwaðzaÞ ¼ D bwaðzaÞ ð56Þ
where Pk, Nk and Mk are external loads and bending moments at
x = 0 or x = L; the wide-hat designates prescribed deformations;
1 = 1 for x = L;1 = 1 for x = 0; # = 1 for the boundary conditions of
the RC beam; and # = 0 for the FRP strip.
2.4. Solution procedure
At each time step, Eqs. (39)–(52) present a spatial set of nonlin-
ear differential equations due to the dependency of the rigidities
on the unknown deformations via Eqs. (30)–(33). These rigidities
are uniform along the uncracked region of the beam but they vary
along the cracked region. To simplify the analysis, the variation of
the rigidities along the cracked region is assumed to follow that of
the external bending moment (Hamed and Frostig, 2004). This de-
ﬁnes two types of parameters that need to be determined at each
time step, namely: the rigidities at the critical section, and the start
and end locations of the cracked region (Xcr1 and Xcr2, see Fig. 1a).
Herein, an iterative procedure is used for the determination of
these parameters at each time step, together with the numerical
multiple shooting method (Stoer and Bulirsch, 2002) for the solu-
tion of the equations at each iteration. The instantaneous response
is obtained by choosing a fairly small ﬁrst time step, i.e., Dt1 = 109
day, and the iterative procedure basically follows the one devel-
oped in Rabinovitch and Frostig (2001) but with some modiﬁca-
tions and enhancements to account for the creep response, as
follows:
Step 1. Initial guess. At the ﬁrst iteration of the instantaneous load-
ing, the RC beam is assumed uncracked. However, for the
progressive time steps, the solution from the previous
time step is used as the initial guess for the current step.
Step 2. Analysis of the structure. Using the rigidities calculated in
the initial guess or in the previous iteration (Step 3.3), as
well as the calculated locations of the start and end of
the cracked region, the incremental governing equations
become linear ones with variable coefﬁcients in space,
which are solved numerically.Step 3. Analysis of the critical section (at the location of maximum
moment). Based on the solution obtained in Step 2, the
equivalent rigidities of the critical section are determined
as follows: 3.1: A linear distribution is assumed for the elastic + cracking
strain e0xx
 
through the depth of the RC beam as follows:e0xx ¼
e1 þ e2
2
 e1  e2
drc
zrc ð57Þwhere e1, and e2 are the strains at the upper and lower faces of the
RC beam, as shown in Fig. 1b.
 3.2: Based on the incremental internal forces obtained in Step 2,
two nonlinear algebraic equations are stated in terms of the two
unknowns e1 and e2, as follows:Nrcxx ¼
Z Yrc
Yrcdrc
brcrcxx e
0
xx
 
dzrc þ EsesAs ð58Þ
Mrcxx ¼
Z Yrc
Yrcdrc
brcrcxx e
0
xx
 
zrc dzrc þ EsesAszs ð59ÞFor the ﬁrst time step (instantaneous response), e0xx ¼ exx, and the
nonlinear algebraic equations (Eqs. (58) and (59)) are solved
numerically for e1 and e2. However, for the progressive time steps,
e0xx becomes only a portion of exx, and the concrete undergoes crack-
ing once exx = ecr. Thus, e0cr in Eq. (13) becomes equal to wecr
(0 < w < 1), which is smaller than ft/Ec. In this case, the location of
the tip of the crack through the cross-section (zcrack) is determined
from the distribution of the total strains based on the solution from
step 2, and Eqs. (58) and (59) are then solved together with Eq. (60)
for e1,e2 and w:e0cr ¼
e1 þ e2
2
 e1  e2
drc
zcrack ð60Þ 3.3: Once the normal strain distribution is determined in Step
3.2, as well as the corresponding normal and shear stresses,
the spring moduli of each point through the depth of the RC
beam are determined via Eqs. (20) and (21). Consequently, the
viscoelastic rigidities and the incremental effective forces due
to creep are determined through Eqs. (30)–(33) and Eqs. (34)–
(36), respectively.Step 4. Convergence criterion. If the norm of the relative difference
between the magnitudes of the viscoelastic rigidities, as
well as Xcrl, Xcr2, and zcrack in two successive iterations is
sufﬁciently small, the iterative procedure stops. Other-
wise, the procedure returns to Step 2 with the updated
rigidities of Step 3.3.
Fig. 3. Geometry, material properties and load.
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Two numerical examples are presented, which include studying
the time-dependent behaviour of a strengthened RC beam, and a
comparison of themodel with test results available in the literature.
3.1. Strengthened beam
The geometry, elastic moduli of the materials, and loading of
the investigated beam appear in Fig. 3. The beam is assumed to
be strengthened at the age of t0 = 15 years with an additional sus-
tained load applied after strengthening. The modulus of elasticity
of the concrete is determined based on its compressive strength
at that age, which is taken as fc = 37.62 MPa. The tensile strength
and Poisson ratio are taken as ft = 3.91 MPa and mc = 0.17, respec-
tively (ACI, 1992). The following values are adopted for the param-
eters that control the creep behaviour of concrete (Eq. (19)):
k = 0.6, c = 10 days, uu = 2.35, which lead to a creep coefﬁcient of
0.96 after 5 years since loading. The Epoxy adhesive is assumed
to be linear viscoelastic with Szza = 0.048GPa1(day)n, n = 0.4
(see Eq. (37)), and a Poisson ratio of 0.3. These values are obtained
based on experimental results reported in Maksimov and Plume
(2001) (see Hamed and Bradford (2010a) for more details). The
FRP laminate of 1.2 mm thickness is based on carbon ﬁbres and
an Epoxy matrix of the same type as the adhesive with ﬁbre vol-
ume fraction of 68%, yielding an almost linear elastic response of
the CFRP laminate (see Hamed and Bradford (2010a)). Hence, the
FRP strip is assumed linear elastic in this example with time-inde-0 1000 2000 3000
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Fig. 4. Instantaneous response: (a) Vertical deﬂection; (b) axial forces; (c) shear stresses
the edge.pendent rigidities that appear in Fig. 3 based on an elastic modulus
of 160 GPa.
The time response of the beam is studied hereafter with com-
parison between two cases: Case I describes the behaviour of the
beam assuming a linear elastic adhesive material; and Case II ac-
counts for the viscoelasticity of the adhesive. For reference, the dis-
tributions of the instantaneous (i.e. t = 0) deﬂection, axial forces,
and the shear and vertical normal stresses at the adhesive inter-
faces along the beam are shown in Fig. 4. The results show the
magniﬁed increase in the axial forces at the cracked region that
is determined between Xcr1 = 680.35 mm and Xcr2 = 2319.65 mm.
Within the cracked region, the axial force in the internal steel rein-
forcement is larger than that developed in the FRP because the for-
mer has a larger axial rigidity and shorter lever arm. The peak
deﬂection equals 1.91 mm and the axial forces in the FRP and steel
reinforcement equal 12.7 kN and 26.6 kN respectively. Fig. 4c and d
show the shear and vertical normal stress concentrations near the
edges of the adhesive layer, which are responsible for the debond-
ing failure mechanisms that characterize these structures. For ref-
erence also, the peak instantaneous deﬂection in the control
(unstrengthened) beam equals 2.45 mm, the axial force in the steel
reinforcement equals 43.37 kN, and Xcr1 = 622.5 mm.
The instantaneous normal stresses and strains in the concrete
section at mid-span are described in Fig. 5 and compared with
those which develop in the control beam. As expected, the results
show the higher level of stresses and strains in the control beam,
and the ability of the proposed model to describe the tension-stiff-
ening effect. The location of the neutral axis is z0 = 30.5 mm for0 1000 2000 3000
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Fig. 5. Instantaneous normal stress and strain distributions through the concrete section at mid-span: (a) Strains; (b) stresses (legend: — strengthened beam, --- control
beam).
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Note that the compressive stresses are within the linear range (less
than 0.3fc), for which the proposed model holds.
The time variation of the deﬂection, curvature (v), axial forces
in the FRP and internal steel, bending moment in the RC beam,
peak normal compressive stress in the concrete, and location of
the neutral axis appear in Fig. 6 for the strengthened (with elastic
adhesive – Case I) and the control beams. The results are normal-
ized with respect to the instantaneous response of each beam,
and they show the increase in the deﬂection, curvature, and axial
forces with time. Note that Fig. 6a reveals the same response for
both the strengthened and the control beams. The normalized in-
crease in the deﬂection is larger than that in the curvature, which
in turn is larger than the increase in the axial forces; thus, creep
has different effects on the structural response. This increase is
associated with a slight decrease of the bending moment in the
strengthened beam and a decrease in the stresses in both cases,
along with a signiﬁcant shifting down of the neutral axis. For the
control beam, this is because as the beam creeps, there is an in-
crease in the curvature, which leads to an increase in the axial force
in the reinforcement. This increase requires an increase in the com-
pressive force in the concrete of equal magnitude. Yet, because the
bending moment is unchanged as the beam is subjected to sus-tained loading, the lever arm between the steel and concrete must
decrease by a shifting down of the neutral axis. Due to the signif-
icant shifting of the neutral axis, the loaded area of the concrete
is increased resulting in a decrease or release of the compressive
stresses with time. This behaviour is well captured and explained
by the proposed model for the control and the FRP strengthened
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Fig. 8. Effect of viscoelastic adhesive on normalized creep response: (a) Deﬂection; (b) FRP axial force; (c) adhesive shear stresses; (d) vertical normal stresses at the
concrete–adhesive interface (legend: — elastic adhesive (Case I), -.-.- viscoelastic adhesive (Case II)).
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structure is statically indeterminate in terms of internal equilib-
rium, and creep leads to an increase in the axial forces in both
the steel and the FRP. Because the strengthened beam carries the
external moment by bending in the RC beam and by a composite
action of the force couple between the RC beam and the FRP, the
increase in the axial forces is associated with a decrease in the
bending moment and the concrete stresses.
In addition, note that despite that the initial deﬂection, curva-
ture, and forces in the strengthened beam are smaller than those
developed in the control one, the normalized (time-dependent/
instantaneous) curvature and axial force in the reinforcement is
larger in the strengthened beam (Fig. 6b and c). This is a result of
the fact that more cracks develop in the control beam under the
same level of loading, which increase the axial forces in the rein-
forcement that in turn restrain the creep of the beam. To further
clarify this phenomenon, Fig. 7 shows the variation of the peak
normalized deﬂection and axial force in the FRP after 5 years since
ﬁrst loading with the variation of the magnitude of the applied
load. The uniformly distributed load is normalized with respect
to qref = 21 kN/m, which corresponds to the magnitude of load that
leads to the development of a concrete compressive stress of 0.35fc.
As observed in the experimental work conducted by Tan and Saha
(2006), the peak normalized deﬂection and FRP axial force de-
crease with the increase of the applied load (for qz/qrefP 0.4),
which provides a level of validation to the proposed model. This
is because the larger the load the more cracks develop, and the
more stresses are transfered to the elastic steel and bonded FRP,
which restrain the creep. For qz/qref = 0.2, the beam is uncracked,
and for qz/qref = 0.4 the beam is uncracked under the instantaneous
loading, but it is cracked due to tensile creep over time. This ex-
plains the hat-shaped curve which appears in Fig. 7, as the maxi-
mum point corresponds to the response of the cracked section
after 5 years of loading normalized with respect to the instanta-
neous response of an uncracked section.
The inﬂuence of the viscoelasticity of the adhesive on the re-
sponse of the beam (Case II) is studied in Fig. 8, which includes a
comparison between the deﬂections, FRP axial forces, and peaknormalized edge stresses that developed with elastic and visco-
elastic adhesives. The results reveal that the inﬂuence of the visco-
elasticity of the adhesive on the time variation of the deﬂection
and internal forces is negligible. This is because creep is propor-
tional to the initial stresses, which are relatively small along the
adhesive layer except near the edges as can be seen in Fig. 4.
Following this, Fig. 8 shows that there is an initial increase of the
edge stresses for the ﬁrst 2.5 months when the rate of creep of
the concrete is high, which is followed by a relaxation of the stres-
ses as the rate of creep of the Epoxy adhesive dominates (Hamed
and Bradford, 2010a). It can also be seen that the normalized in-
crease in the edge stresses in Case I is the largest compared to
the increase in the normalized deformations and the axial forces
in Fig. 6. The overall increase of forces and stresses when elastic
adhesives are used may lead to premature failures of the strength-
ened beam over time. On the other hand, it may also reduce the
load carrying capacity (residual strength) of the strengthened
member with time, because the strengthening system might al-
ready be stressed due to creep of the concrete even before applying
any additional load. Nevertheless, the results appear in Fig. 8 show
that the use of viscoelastic adhesives may have a favourable effect
as it tends to release the edge stress concentrations, which conse-
quently may avoid premature debonding failures and preserve the
load carrying capacity of the strengthened member with time.
In order to clarify the inﬂuence of adopting other modelling ap-
proaches to those adopted here, the results generated by the pro-
posed model (Model I) that includes the tension-stiffening effect,
elastic adhesive, and variable rigidities along the cracked region
in accordance with the variation of the global bending moment,
are compared with two other models. Model II describes the
behaviour of the beam assuming constant rigidities along the
cracked region based on an analysis of the critical section, and
Model III describes the behaviour without considering the ten-
sion-stiffening effect (i.e. a1 = 0 in Eq. (13)) but with consideration
of the variable rigidities along the cracked region.
The variation of the peak deﬂection and peak FRP axial force
with time is examined in Fig. 9 for the three models. As expected,
the results show that Models II and III predict larger initial and
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Fig. 9. Variation of the peak deﬂection and FRP axial force with time using three modelling approaches: (a) Deﬂection; (b) FRP axial force (legend: — Model I (tension-
stiffening with variable rigidities), - -- Model II (tension-stiffening with constant rigidities), - -- (no tension-stiffening with variable rigidities).
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Fig. 10. Theoretical vs. experimental (Al Chami et al., 2009) results (legend: —
proposed model,  experimental results for B1,hhh experimental results for B2).
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the case studied here, the difference between the deﬂections pre-
dicted according to the three models is in the range of (12–25)%.
In fact, the deﬂection of FRP strengthened beams is seldom of con-
cern, as strengthening is typically applied to increase the strength
of the member. Fig. 9a shows, however, the differences that should
be expected between the models when compared to deﬂections
obtained from tests. It can also be seen that Model II predicts the
same peak FRP axial force as in Model I, while Model III predicts
a much larger axial force (a factor of 1.72 at t = 0 and 1.35 at
t = 5 years), which may overestimate the structural response.
3.2. Comparison with test results
The results of the proposed model are compared to those ob-
tained in the experimental study of Al Chami et al. (2009). Two
beams made from different concrete batches are examined (B1
and B2). The examined beams are designated in Al Chami et al.
(2009) as F (9-1) for B1, and F (5-1) for B2. They are simply sup-
ported with a span of 1500 mm that includes a symmetric unbond-0 300 600 900 1200 1500
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Fig. 11. Distributions along beam B2 at two different times: (a) FRP axiaed region of 600 mm, and are loaded in four points bending. The
beams have a rectangular cross section of 100/150 mm, and are
internally reinforced with two 10 mm bars and externally strength-
ened by CFRP strip of 50 mm width and 1.2 mm thickness. In the
analysis, the thickness of the adhesive layer is taken as 3.0 mm.
Based on the reported compressive strengths, 37.6 MPa for B1 and
33.2 MPa for B2, the modulus of elasticity and tensile strength of
each concrete batch are calculated from ACI (1992). The creep
parameters are calibrated based on a creep analysis of a tested con-
trol beammadewith the same concrete batch as B1 (designated as F
(1-2) in Al Chami et al. (2009)), to yield: k = 0.8, c = 30 days, and
uu = 3.2 (see Eq. (19)). The same creep parameters are assumed
here also for B2. The unbonded region is modelled by setting the
shear and vertical normal stresses (assuming no contact) at the
adhesive to zero in Eqs. (39)–(52), with appropriate continuity con-
ditions between the bonded and the unbonded regions.
Fig. 10 shows the predicted and the measured time variation of
the central deﬂections of B1 and B2. The comparison reveals a rea-
sonably good correlation between the results. However, although
the instantaneous deﬂections are well predicted by the model,
the long-term theoretical curves are shifted down with respect to
the experimental ones, indicating a stiffer creep response. This
can be attributed to the fact that the creep parameters used in
the model are calibrated based on the response of the control
beam, which was loaded by a bending moment that equals almost
half that applied to beams B1 and B2. Because creep is proportional
to the stress/strength ratio (Neville and Dilger, 1970), it is antici-
pated to have a larger creep in beams B1 and B2 than in the control
beam. This effect is not considered in the model and hence the dif-
ference between the theoretical and the experimental results. An-
other factor that contributes to the difference between the results
is the level of the applied load, which is about 60–65% of the failure
load, where nonlinear material behaviour in compression that is
not accounted for in the model takes place. Despite this, the max-
imum differnce between the theoretical and the experimental
results is less than 13%, which provides a level of validation of
the proposed model.0 300 600 900 1200 1500
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l force; (b) adhesive shear stress (legend: — t = 0, --- t = 380 days).
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by Al Chami et al. (2009), which was able to predict the time-
dependent deﬂection of B2, the current model is also capable of
evaluating the local effects of stress concentration and the distribu-
tion of the stresses, strains, and stress resultants in all structural
components along the beam. Fig. 11 shows the instantaneous
and the long-term distribution of the FRP axial force and the adhe-
sive shear stress along the beam. The results show the increase in
the axial force with time, and the zero shear stresses along the
unbonded region. It can be seen that shear stress concentrations
develop at the edges of the unbonded region, which may lead to
propagation of the unbonded region towards the ends of the beam,
and may further explain the differences between the theoretical
and the experimental results as depicted in Fig. 10.4. Conclusions
The creep response and the time-dependent cracking and post-
cracking behaviour of reinforced concrete beams strengthened
with externally bonded composite materials have been discussed
and investigated. A theoretical model has been developed, which
highlights the challenges associated with the creep modelling of
FRP strengthened structures, takes into account the tension-stiff-
ening effect, and considers creep in all structural components.
Thus, it provides a wider description of the creep response than
the other models currently existing in the literature.
The results have shown that creep of the concrete beam can
lead to a signiﬁcant increase in the axial force in the FRP, as well
as an increase in the interfacial shear and vertical normal stresses
in the adhesive. These have also been associated with a decrease
in the concrete normal stresses and with shifting down of the
neutral axis with time. These observations, which provide a better
understanding of the structural response, are critical in cases
where strengthening is applied to resist additional sustained load
because premature failures may occur over time. In addition, they
are also important in the general strengthening of concrete struc-
tures because the strengthening system is assumed to be 100%
effective when additional loads are to be applied, but in reality,
strengthening is applied in most cases to a structure that under-
goes creep deformations continuously with time. The increase in
the internal forces and stresses due to creep may reduce the load
carrying capacity of the strengthened member. In other words,
creep of the concrete may continuously decrease the strength of
FRP strengthened beams. On the other hand, it has been shown
that creep of the adhesive has a favourable effect, and it tends
to release the edge stresses along with minor inﬂuence on the
overall deformations. Thus, preserving or increasing the load
carrying capacity.
A comparison between the ﬁndings of the model and experi-
mental results has been presented. The comparison reveals a rea-
sonably good agreement between the results, which provides a
level of validation to the proposed model. Some of the test results
observed in other experimental studies have also been explained
and clariﬁed using the model.
Finally, it can be concluded that the creep response of FRP
strengthened RC beams possesses various physical phenomena
that need to be fully understood and clariﬁed. The analytical
model developed in this paper explains many of these aspects,
and it provides numerical tools and modelling approaches for
further research and investigations in this ﬁeld to include the
temperature effects and development of debonded regions. The
latter can be obtained by combining this model with other mod-
els that account for the shear and vertical deformability of the
concrete cover layer and by using cohesive zone or fracture
mechanics approaches.Acknowledgment
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